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A Statistical Study of Recovery Efficiency

J. J. ARPs, [«ommm“ Brons, A, F vAN EVERDINGEN, R, W. BUCHWALD, AND A. E, SMITH

P I—SUMMARY AND CONCLUSIONS

The equdtmns “and conclusmns presented in this report have grown out of a study initiated by the American
Petroleum Institute’s Subcommittee on Recovery Eﬁlcaency in 1956. The Subcommittee’s assignment then and now
was to study reservoir recovery processcs based on actual performance of producing fields rather than on theory or
lahoratory data.

The study began as an effort to apply machine methods of analysis to updated data from the 103 reservoirs
investigated by Craze and Buckley in 1945, using multiple correlation analysis procedures deseribed by Guthrie and
Greenberger in 1955.2 This initial effort was later expanded to inciude collection and analysis of reserveir and
recovery data on additional reservoirs.

Availability of advanced computers made it possible to apply more sophisticated techniques fo arrive at statis-
hmlly significant correlations between indicated recovery factors and the reservoir parameters.
 The subcommittee collected data on 312 reservoirs which were weighted 1, 2, and 3 according to their reliability.
This report deals with:
! a. 0il reservoirs under a water drive mechanism, where invading bottom or edge water is the dominant displacing
' medium; and .. -
b. Oil reservoirs under u solution gas drive mechanism (also referred to as depletion or internal gas drive)
where the expansion of gas liberated from solution is the sole source of expulsion of the oil.

Not covered in this report are combinations of water drive and solution gas drive, gas cap drive, or gravity
drainage which together comprised 30 to 40 pereent of the case histories. Another 10 percent of all cases received
could not be used for correlation purposes because of lack of (\dequate performance control or because pertinent data
were missing.

This 'left about one-half of the case histories for use in the correlation work. The subcommittee found 70 case
histories to be of acceptable accuracy for the water drive study, all from sand and sandstone regervoirs. The analysis
of the solution gas drive mechanism was based on 80 casc histories, 67 from sand and sandstone and 13 from

carbonate reservoirs.

" During the Subcommittee’s early efforts the parameters which appeared to control the rccovery process were
determined by regression analysis and the computer-derived correlations were then studied to determine the possible
groupings of these parameters which, from a reservoir engineering standpoint, weuld be meaningful. During the
final correlation effort a sevies of regression equations was developed for each of the two main mechanisms relating
the Recovery Factor (BAF) in barrels per acre foot as the dependent variable with physically meaningful groups
of parameters as independent variables, The danger of “over fitting”’ the data was avoided by the requirement that
addition of each variable must show a statistically significant.improvement in the coefficient of multiple correlation.
The resulting best equations were:

For Water Dr‘[vé Reservoirs (Sands and Sandstones)

_ -+1. 0/22 Festan --0.0770 —0.1uns S \N—N.2158
BAF = (4259) - {MITS)} (‘:“) . ( S ) . (—;:'—) barrels pee acre foot (1)

IFor units used, see VII — NOMENCLATURE.*

The coefficient of multiple correlation + for this equation is 0.958. This coeflicient indicates the “goodness of fit”
and means that the régression was successful in removing (0.958)2 or 91.8 percent of the original variance in the
dﬂtd The standard error of estimate of this equation is 17.6 percent. After dividing Equation (1) by 77.58 times the

(I —S.”)

B,

ni

01[-1n~pl-_lcc term the corresponding equation for the Recovery Efficiency (in percent of initial stock

tank oil in place) wag found to be:

Nl

I 8u) | FOA2Z £ 06770 —0.1908 f . \—D0.2150

RE = (74.:75) {——-—“’( S )}» . 'w——ﬂ:, . S . —;’-—) percent @)
0Bl . - HBor a

18ee p. 27 for references.
#*Symbols used are those adopted.as standard by Society of Petroleum Engineers of AIME,
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For Solution Gas Drive Reservoirs (Sands, Sandstones, and Carbonate Rocks)
The best equation for the Recovery Factor below the bubble point was found to be:

o) YHLIBLL § g \0.0079 L0.5792 £ 0 \-0.0741
BAF = (3244) (ﬂ-———)-l . S - N . e harrels per acre foot (3)
1 Bon f ol P

The coefficient of multiple correlation » for this equation is 0.932 and the standard error of estimate is 22.9 percent.
In applying this correlation to under-saturated oil reservoirs, {bubble point pressure py below initial pressure pi} the
additional recovery due to expansion of the reserveir and its fluids over the pressure difference (pi — p») should

be added to the eomputed values. After dividing Equation (3) by 77.58 times the oil-in-place term f(_IB_'_S""), the Re- |

b
covery Efficiency (in pereent of stock-tank oil in place at bubble point) is obtained:
) [ 8} H0-1611  \1-0.0978 +0.5722 , \ 01741
Rif= (41.815) {'T(—B—;g—‘)‘} . —;_:IL.—) . ( S ) - (—;ji**) percond (4)

A comparison of the ebserved Recovery Factors and those computed by means of Equations (1) and (3) is shown
on Fig. 1 and 2. The relative weighting of the data points is indicated by the size of the circles.

It may be noted that in Equations (1) and (3) for the Recovery Factor, in barrels per acre foot, four of the
significant independent varinbles are not onty similar but their exponents are also of the same order of magnitude
(although of opposite sign in the case of the water saturation and pressure ratio). These findings may point to a
fruitful field for further research.

Independent variables other than those listed in these equations may have a significant effect on recovery, but
the number of case histories of acceptable accuracy was insufficient to support inclusion of additional parameters
under the requirements of statistical validity. Continuation of this study with a larger number of case histories could
well lead to the addition of other parameters to the regression equations.

The Subcommitice wishes to emphasize that these correlutions represent a statistically valid relutionship between
cmpirical data and that computed results should never be considered as an absolute answer. The cquations should
be applied with particular caution to cases where the basic parameters fall outside the range of data as shown
Ly Tables 2 and 3. They will ¥ield the most probable Recovery Factor; but there is, as in all statistical correlations,
a chance that the actual recovery will still fall outside the range shown on Tig. 1 and 2. It should be emphasized
that the accuracy of estimates based on these equations will not be better than the reliability of the input data.
Therefore, collection of accurate information on the reservoir rock and fluids early in the life of a field remains
essential if reliable reserve estimates are desired. In applying volumetric factors to reservoirs which are known to
be lenticular, allowance should be made for the volume of the reserveir actually connected to the producing wells.
Relatively few of the reservoirs used in this study were in the category requiring hydraulic fracturing to make
production at commereial rates possible. Caution should be exercised, therefore, in applying these equations to such
tight reservoirs. Also, caution is warranted in applying these equations to water drive reservoirs produced in a way
which takes advantage of “trapped gas’ effects.

Because of the relatively small number of ease histories available for the study of each mechanism, the statistical
error in these equations is still rather large, and counld be improved upon. Nevertheless, the Subcommittee feels that
the results are so encouraging that continuation of this-work is recommended. In order te reduce the standard error
of estinate and be able to obtain statistically meaningful correlations with additional parameters, it is also recom-
mended that an attempt be made to secure at least ten times more case histories for cach mechanism than the number
available for this study. In this respect, primary recovery data from fieldwide units studied extensively as fluid
injection projects arc particularly desirable. For future studies the questionnaire should be revised and simplified to
include only parameters which are likely to be physically significant in the recovery process.

Considerable computer work during the early correlation efforts was contributed by British-American Qil Produc-
ing Company, Jersey Production Research Company, Standard 0il Company of California, The Atlantic Refining Com-
pany, Texas A & M University, DeGolyer & MacNaughton, Sun 0il Company, and Gulf Qil Corporation. The computer,
work on the correlations for the 1967 water drive study was performed by the firm of D. R. McCord in Dallas. The
1967 computer work on the solution gas drive cuses and all final computer runs were contributed by Sun Oil Company!
in Dallas under the direction of Mr. R. W. Buchwald, The Subcommittee gratefully acknowledges these eontributions.

Ik
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Fig. 2 — Comparison of. Observed and Computed Values of Recovery Fectors.in Barrels per Acre Foot

from 80 Solution Gas Drive Reservoirs below Bubble Point
Coefficient of Multiple Correlation, r = 0.932
‘Standard Error of Estimate, §; = 0.207 or 22.9 percent

IT —INTRODUCTION
Tn 1945 Craze and Buckley! published their now classic investigation on the effect of well spacing on ultimate
recovery efficiency using data from 103 reservoirs, In 1955 Guthrie and Greenberger? used the same data to illustrate
the use of multiple correlation analysis in obtaining the best relation between the recovery efficiency of water drive
reservoirs and various combinations of parameters which were thought to control it
During 1956 a group of engineers consisting of Messrs. R. J. Dobson, J. H. Sullivan, and 8, C. Oliphant recom-
mended the formation of an API Subcommittee on Recovery Efficiency. It was approved hy the Executive Committec
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on Drilling and Production Practice in June of the same year. The assignment to the Subcommittee, as indicated
in Mr. A, W. Thompson s report to the Board of Directors in the 1956 Proceedings, was “to evaluate“the relative
1mportance of the various types of data which are used or can be used in the estimation of reserves.”

- As a first step, | the Subcommittee under its energetic Chairman, M., E Kraus of The Atlantie Reﬁmng Company,
(lesngned a comprehensxve questlonnalre covering over 100 items of pertinent information on ‘each reservoir:

It was intended to use electronic computers and statistical techmques to determine from the information obtained
to what extent various factors and parameters appear to affect ultimate recovery from oil reservoirs. The industry
would thus be provided with 1'ec0very factors based on actual performance of producmg oil fields instead of . theory
or laboratory studies:

»Toward the end of 1959 the Subcommittee had received in excess of 300 case hlstorles on oil reservoirs in, the
Umted States and abroad, and by the middle of 1960 the time-consuming job of checking the individuat questmnnmres
was well on its way.

* With Mr. Kraus’ retirement in October 1960, the Subcommittee lost its inspiring’ Chairman who had provlded
much capable guidance through the organizational and data-gathering phiases of the -assignment.

Mr. §. J. Arps took over as Chairman and directed the Subcommittee through the correlation and computational
work to the completion of the present report. He divided the work by geographical grouping of the membership
between: 1, a Houston task force (Chairman, Prof. Folkert Brons, University of Texas, succeeding Mr. E. K. Schluntz
of Shell Development Company) to handle the correlations for water drive reservoirs; 2, a Dallas task force (Chair-
man, Mr. A. F. van Everdingen, DeGolyer and MacNaughton, succeeding its original chairman, Mr. E. G. Trostel), to
study possible correlations for solution gas drive reservoirs; 4, an Oklahoma City-Tulsa task force (Chairman, Mr.
L, F. Elkins, Sohio Petroleum Company) to study the recoveries from reservoirs under fluid injection; 4, a Bartlesville-
Ponca City task force (Chairman, Mr. V. T. Mc¢Ghee, Phillips Petroleun Company) to assist in chetking parameters
of the reservoir fluids; and 5, a California task force (Chairman, Mr. 0. E. Van Meter, Jr., Mobil 0il Corporation)
to assist in checking the parameters of the reservoir rocks.

" The present report is the result of the combined effort of the entire Subcommittee membership represented by
these different task forces.

III — PRELIMINARY ANALYSIS OF CASE HISTORIES
A." Number and Distribution of Casé Histories by Groups

By the end of 1960 the number of questionnaires received by the Subcommittee had risen to 312, reporting on
many different drive mechanisms and rock types. The number was considered somewhat small for statistical validity,
nevertheless it was decided to proceed with the correlation work rather than attempt to secure a larger sample, The
tedious and detailed work of reviewing and checking for obvious errors, duplication, or missing data and rating the
questionnaire data was essentially finished by the end of 1963. For solution gas drive reservoirs this included correc-
tion of all recovery data to bubble point conditions; i.., the recovery factors used in correlation studies were
corrected by the Bartlesville-Ponca City task force under the direction of Mr. V. T. McChee for the amount of oil
recovered between initial reservoir pressure and bubble point pressure. Complete card decks and printouts of the
factual data were then made available to the entire membership. Later additional adjustments to the data became
necessary in some cases where move complete and conclusive production data had become available.

Table 1 shows a distribution of the original 312 easc histories according to their predominant reservoir mechanism
and rock types. The supplemental drive mechanisms listed in the third line in Table 1 were edge or hottom water drive
or gravity. Tn a few cases there was some gas or water injection.

Table 1
Distribution of Case Histeries by Reservoir Mechanism and Rock Type
I Reservoir Rock Type

v Sand and : Limestone, A L

Predominant Rescrvoir Mechanism Sandstone Dolomite, Other Total
Water DFive ..o i 72 29 - 111
Solution Gas Drive (without supplemental drive).............. 77 21 98
Solution Gas Drive (with supplemental drive)................ 60 21 e ...81-
Gas Cap Drive. ... i 11 . 3 R 14
Gravity Drainage ..o S '

=
i
o0

T S 296 86 L. 313
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B. Range of Basic Parameters

The range of the various parameters for cach of the predontinant mechanisms is Iisted o Tables 2 through 6.
On these tables the independent variables are subdivided into three groups to define: a, the reservoir rock; b, the
fluids in the reservoir; and ¢, the environment under which these fluids are being produced. For each parameter the
minimum, median, and maxinum values are listed; and, when sufficient cases were available, separate data are
shown for sands and sandstones and for limestone, dolomite, and ether. :

The variables used as recovery parameters’in the eorrelation studies are: barrels per acre foot (BAF) and
recovery efficiency (RE) for all cases; residual oil saturation (S.r) for water drive reservoirs; residual gas saturation
(Sgr) for solution gas drive reservoirs. The minimum, median, and maximum values are shown for cach separate
parameter; the values shown do not necessarily belong to the same case history.

. Many of the contributors requested that all data submitted be treated as confidential. For that reason identifica-
tion of feld and reservoir names and their geographic locations were deleted in the eard decks and printouts. Also,
of course, no tabulation of the actual basic data could be included with this report. :

Tahle 2

Range of Parameters of Reservoirs with Water Drive as Predominant Drive Mechanism

Sand and Sandstone Limestone, Dolomite and Other
— : — e v —

Parameters Minimum Median Maximum Minimum Median Maximum
Rock
k ; darcys 0.011 0.568 4.000 0.010 0.127 . 1.600
@ ; fraction 0.111 0.256 0.350 ’ 0.022 0.154 0.300°
Sw ; fraction T 0052 0.250 . 0470 0.033 0.180 © 0.500
F"luids B
g deg API 155 353 - 50 B E oY 54
o sep 0.2 1.0 500 0.2 0.7 Cr142
o ; cp ‘ 0.24 0.46 0.95 — — L
Bif ; ratio | 0.997 1.238 2.950 — — -
Bovt ; ratio - 1.008 1.259 2,950 1.110 1.321 1.933
Boas ; ratio . 1.004 -.1.223 - 1.970 — _ —
pw— po. ;- -RSCC ) . 0.054 0.241 0.190 — — X —
Fryironment
Tn ; Tt 6.5 17.5 ) 160 Y 50.2 185
a ; deg 05 0-5 T 15-45 —_ — —_—
Die ; ft 1,400 6,260 12,400 - 2,210 < 6,790 13,100
T s deg ¥ 84 163 270 90 182 226
» ; psig oo 4B0 2,175 6,788 700 3,200 5,668
ph s psig 52 1,815 5,400 30 1,805 3,821
Pa 3 psig 100 1,970 5,010 — — -
Ultimate Recovery
BAF  ; bbl/AF 155 571 1,641 6 e 1,422
RE ; percent 27.8 511 86.7 6.3 43.6 80.5°

Sor ; fraction 0.114 0.327 0.635 0.247 0.421 0.908
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Table 3

Range of Parameters of Reservoirs with Solution Gas Drive as Predeminont Drive Mechanism

without Supplemental Drives

Sand aﬁandstone Limestone, Dolomite and Other
[ L + *
Minimum Median Maximum Minimum Median Maximum
0.006 0.051 0.940 0.001 0.016 0.252
0.115 0.188 0.299 0.042 0.135 0.200
0.150 0.300 0.500 0,163 0.250 0.350
20 35 45 32 40 50.2
0.3 0.8 G 0.2 0.4 1.5
60 565 1,680 302 840 1,867
1.050_ 1.310 1.909 1.200 1.346 2.067
1.050 1.297 1.740 1.200 1.402 2.350
1.000 1.090 1.400 1.060 1.120 1.420
3.4 32.2 72 3.9 27 425
0-5 5185 >45 0-5 0-5 b-15
1,500 5,380 11,500 2,100 6,200 10,500
79 150 260 107 174 209
639 1,750 4,403 1,280 2,383 3,578
10 150 1,000 50 200 1,300
47 154 534 20 88 187
9.5 213 46,0 15.8 17.6 20.7
0.130 0,229 0,382 0.169 0.267 0.447
Table 4

Range of Parameters of Reservoirs with Selution Gas Drive as Predominant Drive -Mechanism

Parameters
Rock
E - dareys
] ; fraction
S H fraction
Fludds
o 3 deg API
1£ab ; ep
Rap ; cf/bbl
Buba ; ratio
Bobt ; ratio
Boaa ; ratio
Environment
fin ; it
'S s deg
D 3 it
T s deg T
™ ; psig
Pa ; psig
Ultimate Recovery
BAF ; bblI/AF
R ; percent
Sor ; fraction

Parameters
Rock
ko ; dareys
¢ ; fraction
Sw ; fraction
Fluids
o ; deg API
Hob ; ep
R ; cf/bbl
Boba ; ratio
Boy; s ratio
Boat ; ratio
Environment
iy v It

; deg
Dy, s Tt
T ; deg T
; psig

Pa ; psig

Ultimate Recovery
BAF  ; bLI/AF
RE ; percent
Sor ; fraction

and with Supplemental Drives

Sand and Sandstone Limestone, Dolomite and Other
Minimum Median Maximum Minimum Median ‘Maxinmum
0,010 0,216 2.600 0.002 0.019 0.867
0.120 0.210 0.359 0.033 0.132 0.248
0.100 0.310 0.579 0.035 0.250 0.600
155 36 46 22 38 46
0.4 0.9 20 0.3 0.8 2
10 390 1,010 60 615 1,325
1.010 1.230 1.580 1.050 1.328 1.682
1.015 1.230 1.845 1.050 1.310 1.680
1.000 1.050 1.220 1.020 1110 1.500
4 30 714 8 31 154
0-5 0-5 >45 0-5 0-5 5-156
200 4,287 10,280 2,800 6,000 10,530
7 146 260 88 128 225
5 1,360 4,275 530 1,830 2,985
5 100 800 40 200 1,550
109 227 820 32 120 464
131 284 57.9 9.0 21.8 48.1

0.077 0.255 0,435 0112 0.260 0.426
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Table 5

" Range of Parameteérs of Reservows with Gas Cap Drive as Predominant Drive Mechanism *

Paraﬁeters
Reck - :
k. ; darcys
b ; fraction
S :,: ) ; fraction
Flids
o s deg ADE
Jla ;oep
Ry + ¢l/bbl
Bow ; ratio
Bt ; ratio
Boat ; ratio |
Environment
ha 3 1t
a - ; deg
Thiy s ft
T ; deg If
P .. ; psig
Pa i psig

Ultimate Recovery

BAF . ; bbl/AF
RE - - ; percent
Syr ; fraction

All Rc;(,k Types Combined

Minimum

0.047
0.086
0.150

34
03
2206
1116
1.116
1.040

T

0-5
3,300
108
854
0

68
158
0.223

Table” 6

Median~ ~ Maximum
0.600 . 1966
0.225 - 0.358
0.262 - 0.430.
40
0.6
703 .
1.374-.
1.350
159
15 L
0-f Lo 1545
500 - 7,676
155 200
2,213 S 1
500 .. 2,900
289 : 864
325 67.0
0.271 0.517

Range of Parameters of Reservoirs with Grnvny Drcnnc:ge as Predominant Drive Mechanism

Parameters

Rock

k ; dareys
; fraction

Sw ; fraction

Flujds

o ; deg API

Hob 5 ep

Ra ; cf/bhl

Bota ; ratio

By ; ratio

Boaa ; ratio

Environuent

hn : ; Tt

a : ; dey

Dy, .o ft

T ; deg F -

b ; psig

Pa ; psig

Ultimate Recovery

BAF ; bhi/AT

RE ; percent

Ser - ; fraction

San(l an(l Sandstone Only

Minimum

0.205
0.194
0.03

15
0.7
96

1.070 " ;.

1.070
1.030

40
0-5

1,170

100
497
[

250
.16

0.151 -

Median .

1.285
0.329
0,293

22.5
4
200
1.106
1.106
1.040

1

515
<22,400
100
1,044

(696 n
572 ° G S
0.377 ‘

Maximum

2,000 -
0.350
0.400

735
1483
1340
11002

0 ().14

it
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C. Rating and Weighting of Case Histories

The Subeommittee memher‘s reviewed and rated all questionnaires with respect to reliability of the volumetric
data and degree of performance control on which estimates of recovery were based. From-these two ratings the
reviewers furnished a combined rating of each questionnaire as either “good,” “adequate,” or “poor.” On this basis
47 percent of the cuestionnaires were rated as good, 34 percent as-adequate and the remaining 19 percent as poor,
In later regression analysis these ratings were “weighted” as follows: °

Combined Reting of Volumetric

Date and Performance Control Weight
Good :
Adequate 2
Poor 1

In the final regression equations the weighted data consistently showed better correlations than the unweighted.
Consequently, the correlations presented in this report are based on data weighted as shown.

D. Predominant Drive Mechanisms

In 81 case histories (25.9 percent) solution gas drive was listed as the predominant mechanism supplemented by
water drive, gravity and, in a few cases, partial gas or water injection, Since the exact contribution of these supple-
mental mechanisms was not known and the recovery factors of water drive and solution gas drive differ considerably,
no correlations were attempted for this group. Also, the number of gravity drainage cases (8) and gas cap drive
cases (14) was considered too small for statistical treatment, As a result only the recovery charaeteristies of water
drive cases and unsupplemented solution gas drive cases were investigated in detail. No differentiation was made
between those cases showing edge or bottom water as the dominant displacing medium and the analysis of the
solution gas drive cases was regtricted to those where the expansion of gas liberated from solution was considered
the sole source of expulsion of oil.

1t is realized that classification into water drive or solution gas drive used is still open to criticism. This classifi-
cation has been adopted even though it is nearly impossible to conceive of any solution gas drive reservoir in which
gravity would not be operative once free pgas exists, nor of a water drive reservoir where free gas coming out of
solution does not help recovery.

Sorting the questionnaires by predominant recovery -mechanisms revealed some interesting relationships. For
example, the two curves on the log probability charts of Fig. 3 and 4 may indicate that the probability of natural
water influx into a sandstone or limestone reservoir increases as the permeability increases. The top curve on each
of these charts relates the frequency distribution of the number of cases with water drive as a predominant mechanism
to the logarithm of their average permeability, while the bottom curve shows the same distribution for those cases
where no water influx is reported either as a predominant or supplemental mechanism, The distribution of this last
curve also includes those cases which show gas cap drive or gravity as the predominant- mechanism, without
supplemental water influx. It may be noted from the curves on Fig. 3 and 4 that the permeabilities for the sandstone
reservoirs in both cases exceed severalfold those for thie limestone reservoirs.

Combination of the-data from these two curves may be useful, when information other than permeability is
lacking, in estimating the probability of & natural water drive oceurring. This, in turn, may influence the choice of
recovery factor for a given case between the extremes of water drive and solution gas drive.

E. Recovery Efficiencies of the Various Mechanisms

Recovery efficiency has been expressed as a percentage of the oil initially in place in the reservoir. In solution
gas drive cases, corrections were applied to account for the volume of oil obtained between initial pressure and
bubble point pressure,

Percentage figures can be studied in different ways, but for the comparison here the median value of each group
was selected; e.g., in a group of 37 reservoirs the median value would be the recovery efficiency of reservoir #19,
had the reservoirs been arranged in either ascending or descending order of efficiency.

The median values found for the various predominant drive mechanisms and rock types are shown on Table 7.
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Table 7

Median Values of Recovery Efficiency by Recovery Mechanisms
Median Value

Predominant : ) __ of Recovery
Recovery ‘Whether Rock Efficiency (RE),
Mechanism Supplemented Type* Percent
Water DIIVE o vvvveeriaiiierinnninanaenss — SS 51.1
Water Drive . ovo v s — LS 436
Gas Cap Drive ... iiiieiien s Yes SS & LS 32.5
Solution Gas Drive ....0 ..o Yes SS 28.4
Selution Gas Drive ... oo iniiinnn . Yes - LS 21.8
Solution Gas Drive .....ovevernei i No 38 21.8
Solution Gas Drive ..........ovviiiiiinn .- No LS 17.6 |

*8S = Sand and Sandstone. LS = Limestone, Dolomite and other. .

Table 7 shows: g, that dissolved gas as an expulsive force is the least cfficient, recovery mechanism; and b, that it
works somewhat better in reservoir rock with intergranular porosity, such as sand and sandstone, than in reservoirs |wm
with the intermediate type of porosity (carbonate rocks)3 The table further underscores the mueh higher efficiency
of water drive. This mechanism also seems to work better in sands and sandstones than in earbonate rocks. The
number of gravity cases (8) was too small to permit a well-founded comparison. However, under ideal conditions
the Tecovery efficiency of gravity drainage appears to rank with the best water drive cases.

PERCENTAGE OF GASES LARGER THAN

-
2 5 10 20 30 40 5 60 70 80 90 % 96
T T T T T T T T
RECOVERY EFFICIENCIES |
100 T ©0 .
T[RE=72 WATER DRIVE ] |
7" =
3 ] {RE~-13 GAS’CAP ORIVE
~ - T = {50
’\3 *\ h\“\ /” ,\g
w ] [
S——
EE S A £
—
»z I AN === i 5
2= \I— - 7\ -N'l"\ Z :
frege) —y N w o
[E Nl ’ N . [ENe]
Eo 1 |[FET5, SOLUTION 6aS DRIVE T T N T
by WiTH SUPPL. DRIVES - ws
£= | D s
g0 . A N i
2 T -~ =~ ¥4
S ! iRE—BO SCLUTION GAS DRIVE )] oW
B } WITHOUT SUPPL. DRIVES _Jf— €2
z , e z
s {l 1 L [ s
|-v~— - +o :j] .
| : |
x£,
g
1 i |
[ : !
2 El 10 20 30 40 50 60 70 80 30 95 93
—

PERCENTAGE OF GASES LARGER THAN

Fig. 5 — Cumulative Distribution of Recovery Efficiencies for Four Drive Mechunisms
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The distribution of recovery efficiency values for the four main drive mechanisms is illustrated on the log. prob-
ability chart of Fig. 5. The extreme values outsulc of the 2 to 98 percent range are not shown,

It may be noted on Fig. 5 that:

~a. Within the range of onc standard deviation on either side of the median value, the curves for the four
oo »mech‘anisms ‘follow the typical 'straightline relationships of a lognormal distribution,

N The varmus trends are essentla]h pardllel except for divergence in the trend for supplemented solution
gas drlve cases '

c. The h]ghest reco\ cry eﬂlclemy unde! water drwe wn(htlons reaches 84 percent of the oil in place, or about
3 times the lowest recovery shown for this mechanism. Two-thirds of the water drlve cases fall in the
35 to T1 percent range with 51.1 percent as the median value.

dln general water drne seems to be around 2.6 times more efficient than unsupplemcnted solutlon gas drive.

,c_.h-Thc hnghest recovery eﬂaucncy under an unsupplemented solution gas drive mechanism reaches 37 pcrz,ent or
... about 8 times the lowest recovery shewn for this mcchmusm Two-thirds of the eases fall in the 15 to 27 pereent
. 'range, wath a medlan value of 195 percent ’

f. Thc (Ilstrlhutlon curves for the supplemented and unsupplemented “solution gas dnve mechamsms appear to
merge at the low end of the range and show a diverging trend toward the high end of the range. This clearly
indicates that the effect of supplementation is much more pronounced when the reservoir characteristics
themselves become more favorable. At the median value the improvement due to such supplementation by
partial water drive, gas cap drive, or gravnty is about ome-third.

i g. For those cases where a gas cap drive’ is ‘reported 'as the predominant mechanism the average recovery
efficiency improves_ by about two-thirds over that of solution gas drive alone.

. F. Reservoir Rock

TFor eomplete statistical analysis it would have been desirable to separate the case histories according to the type
of drive mechanism, with further subdivisions according to the type of reservoir rock. However, because the number
* of case histories was limited, separvate correlations could not be made for the different rock types

: Of the 80 cases w1th acceptable acnumcy in the solution gas group, whlch were used by the D..L”db task force in
their final correlations, 67 werc obtained fr om sand and sandstone rescrvonrs and 13 from carbonale rock reservoirs.

Most of the case histories of water drnes in llmestone reservoirs -came from the Middle East where limited

i depletion made’ it diffeult-to- conﬁrm Tecovery estimates- by perform‘mce The remaining water drive case histories

covering earbonate rock reservoirs lacked: adequ".te supporting data. Therefore, the Houston task force restricted
its study of water drive reservoirs to the 70 sand and sandstone cases which exhibited acceptable accuracy.

G, Well Spacmg ,‘j T

The inclusion of well spacing as an independent variable affecting recovery received conmdcrable attention in
v the study of the: ‘data. It is believed that the choice of well spacing normally is strongly affected by’ ‘economic factors,
| such as ultimate recovery.and w ell cost. This was confirmed by an analysis of the data obtained from the available
. questionnaires on-the domestic fields, which showed a consistent increase of both the average- ultlmate recovery

| per well and the average well spacmg with inereasing well depth.
i

v In view of this observation jt may be expected that in those cases which, for reasens other than well spacing,
" exhibit a recovery factor appréciﬁbli higher or lower than average, a bias toward closer or wider well spacing
, may also be present. Because of- this the Subcomnuttee Telt that the inclusion of well spacing as an independent
var]able in the zmalysxs of re(.ovcry eiﬁcxcncy could lt'\d to crroneouq conclusions, and it was, therefare, omitted from
"the regression analysis, ot _- e

l\‘f CORRELATION METHODS

In an analytical correlahon stirdy \d.nables .are separated into dependent variables which are known and
‘independent variables which are thought to afflect them, The connection between them is ealled a regression equation.
This section will discuss in suceession ¢, dependent variables; b, independent variables; and ¢, the various types of
regression equations used. .

e . B
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A Recovery I'arameters or Dependent Variables -

Several recovery parameters were considercd as dependent varialles.

w. Recovery Factor (BAT)

The commonly used Recovery Factor in barrels per acre foot of net pay becamie Lhe first choice. In the shufy of
solution gas drive reservoirs the observed Recovery Factors werc corrected by the Bartlesville-Ponca City task force
for expansion above the bubble point. The distribution of Recovery Factor values for various drive mechanisms
shows essentially straight-line relationships on the log probability chart of Fig. 6, paralleling each other.

b. Recovery Ifficiency (RE)

Recovery Efliciency in percent of stock tank ofl jnitially in place was the second choice. Because of the logarithmic
format selected for the regression equation, Recovery Lfficiency is related to Recovery Factor so that essentially
the same equation expresses the correlation for both. Distribution of the Recovery Efficiency values for different
drive mechanisms also shows a parallel straight-line relationship on the log probability chart of Fig. 5. It may be
noted that the respective eurves show a much lesser slope, and therefore smaller variance, than the Recovery Factor

curves of Fig. 6.
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" ¢ Residual Suturations (Ser and Sgr) -

The actual physical displacement mechanism in the reservoir was considered best represented by Residual Oil
Saturation and Residual Gas Saturation. This epinion is not new because both were used as recovery parameters in
the 1945 Craze-Buckley study of the-effect of well spacing on reeovery.! The Guthrie-Greenberger study of 19552
used Recovery Efficiency in regression analysis of data on the water drive reservoirs reported in the Craze-Buckley
study. Residual Oil Saturation in water drive reservoirs at abandonment time is expressed as a fraction of the total
pore space. Distribution of Residual Oil Saturation values computed for the water drive cases-in this study is shown
as a dashed curve on the log prohability chart of Fig. 7. '

Residual Gas Saturation of solution gas drive reservoirs at abandonment time is also expressed as a fraction
of total pore space. The distribution of Residual Gas Saturation values for solution gas cases is shown as a solid
curve on the log probability chart of Fig. 7. : :

Both Residual OQil Saturation and. Residual Gas Saturation zre computed indirectly from Recovery lPactor and
the parameters of rock and fluids. Many attempts were made to find dircet correlations between Residual Oil
Saturation and Residual Gas Saturation and the various independent variables. However, the results were generally

! unsatisfactory since the coefficients of multiple correlation were consistently lower than those for the recovery factors.
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B. Reservoir Parameters and Independent Variables . !

In the preliminary correlations, practically all of the available reservoir-and fluid characteristics (parameters)
weresused as independent variables. From the- results it was possible to pinpoint those parameters -which seemed:
consistently to affect: the ultimate rccovery., The Subcommiitce was' fortunate in having outstanding reservoir
engineering talent among its membership, -which-proved most helpful in s«‘lectmg’ dl'ld groupmg Lhcsc pardmntcrﬁ.»
The independent Vauabies finally selected were: . - . . R . :

w. For the Waler Drive Study

1. 2L —Su) , oil in place (initially).
. . oi - o . o
2, 5""’5, mobility ratio (under initial reservoir conditions).
ol
Permeability & was tested in three different ways against the Recovery Fuctor (BAF): as arithmétic .n'(‘lagu
~pernicability, as median permeability, and as log mean of peimeability. It was found that the’ slrongcst cor rcla-'
tion was obtained with the arithmetic average pctmcalnhLy 50 tlus parameter was used throughout .

3. \.., interstitial water saturation.

4. P pressure ratio.

Pa

5. pw — po, density difference between reservoir water and oil.

6. \/% , “hydraulic radius” function.t

In correlation work with the logarithmic model the vegression process independently determines the appropriate
exponent for each parameter and the kfg variable was, therefore, introduced without its square root sign.
h. For the Solution Gas Drive Study

1. i“_[’_ﬂ, oil in place (at bubble point).
Fol

, mohility ratio (at bubble point).
Hob

Actual data on gas viscositics were reported for only:a limited number of cases, Since the range in viscosity
values of reservoir gas is usually rather narrow, it was.dceided to.rctain only the oil v1scosnty at the bubble
point in the ‘mobility ratie for the solution gas drive reservoirs. :

3. S, interstitial water saturation.
4. R., disselved gas-oil ratio.

5. PP pressure ratio.
Ppa

6. \/JL, “hydraulic ra(lius" function:‘ '
% : .-
In the correlation work the square root sipgn was dropped.

Other independent paramelers may prove to have a measureable effeet on the Recovery I fﬁ(lu\q In particular
those related to relative permeability of the rock, variance of the permcability distribution, and interfacial tension
would be of interest for further study. Such a sLudy must, however, await the cotlection of more detailed data.

C. Regression Equations

Several types of vegression equations were considered in the carly correl 1t|un work with the fu]lowm;: three main
types actually being used.

a. Logarithmic Model . . .
hhy=at+-blbixetclrxs-}-.... . (9

p= (o)t (gt (e _ ()

The nofenclature of these symbols is set out separately in Sec. VIL

[
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This logarithmic model was selected as most applicable for the final correlations because:
| 1. -Both the dependent variables and most of the independent variables mdlcate a. good lognormal 5amp1mg
! : distribution (see Fig. 8, 4, 5, 6, and 7).
| 2. The indicated Recovery Factor (BAF) showed a strong and almost linear correlahon with the- oil-in-place
term so that after dividing by this factor and changing the constant (a) essentially the same correlahon
applies to Recovery Factor and Recovery Efficiency.
3. The effect of any specific independent variable having only single terms would be unidirectional.

b Algebraic Model
ym=aFb.xtc. xft. (7)
Thc dlg&blalc model was used largely in some of the early correlation work, but was dropped in the final correla-
tion work in favor of the more suitable logarithmic model.

c. Legistic Model

Cr '
¥= Ce - e—Catbin z/+elnz + .. ) (8

"I'his model was used extensively during the early correlation efforts because it has the rather unusual advantage
of allowing preset limits in the correlation relationship. For example, the range of the dependent variable would .
be between o minimum value of zero, when the term (a -+ b Inaz + ¢ I @2 + .. .) reached minus infinity and a maxi—

mum of ((:,‘I when this term reached plus infinity. Tn this manner the correlation could be prevented from a.%summg

physically impossible values. However, the logistic model consistently vielded lower correlation coeﬂﬁcxents than those
cbtained with the other models, in addition to being somewhat unwieldy. It was, therefore, dropped m favor of the
logarlthmm model.

V—EARLY CORRELATION EFFORTS

Completc sets of data printouts on all 312 case histories were prepared by Mr. R. K. Guthrie and distributed to
meinbers of the Subcommittec at a meeting in Dallas in August 1962. At that meeting, preferred recovery yardsticks
and the best mathematical eorrelation models were alse agreed upon. Correlation work was then assigned to each of
the Subcommittee’s five task forces. Results of these carly efforts are summarized here,

A. Primary Recovery from Water Drive Reservoirs

1. In August 1962, Mr. J. C. Burke, British-American Oil I'roduung Company, presented a correlation of
unweighted data for 52 sandstone reservoirs with water drive as the predominant drive mechanism. Using the
“logistic model”, Mr. Burke developed five regression equations with recovery efficiency as the dependent variable,
His work demonstrated that the coefficient of multiple correlation improved steadily as additional independent
variables were included in the regression equation. His best cquation for recovery efficiency included permeability,
viscosity ratio, and interstitial water saturation as independent variables and yielded a multiple correlation coeffi-
cient of 0.691. '

2. In February 1964, Mr. R. E. Carlile, representing Prof. H. T. Kennedy of Texas A&M University, presented
correlations used for his graduate Ph.D, thesis, “Recovery, Recovery Fraction, and Residual 0il Saturation Correla-
tions for Sandstone Water Drive Reservoirs.” Mr. Carlile, with data for 57 sandstone water drive reservoirs,
developed 29 equations with recovery factor, recovery efficiency, and residual oil saturation as dependent variables.
Independent variables were investigated as follows: Rock paramcters of permeability, porosity, and water saturation;
fluid parameters of oil-water viscosity ratio, solution gas-oil ratio, formation volume factor, and API gravity of the
oil; and environmental paramecters of nct pay thickness, reservoir temperature, depth, and bubble point pressure.
Mr. Carlile’s best equation was obtained by relating residual oil saturation to v1scosnty ratlo, porosity, bubble point
pressure, reservoir temperature, and solution gas-oil ratio.

3. In February 1966, Mr. G. L. Hancock, Jr., Gulf Oil Corporation, pre%ented correlatlons developed by Messrs.
W. R: Cook and D. G. Strittmater of Gulf Research and Development Company, using 71 sandstone reservoirs with
water drive as the predominant drive mechanism. The Gulf group developed two sets of 14 regression equations;
onc with unweighted data and a second one with weighted data. Algebraie, logistie, and, for the first time, logarithmic
models were used. Dependent variables covrclated were: recovery factor, recovery efficiency, and: residual oil
saturation. Independent variables which proved to be significant were: in the rock parameter category, permeability,
por051ty, and interstitial water saturation; in the fluid parameter group, oil-water viscosity ra.tlo, solution gas-oil
ratio, and initial formation volume factor; and in the enviromental category, initial pressure, and bubble point
pressure. The highest coefficients of multiple correlation obtained were: for recovery factor, 0.886; for recovery
efficiency, 0.708; and for residual oi! saturation, 0.715. Gulf’s correlation study showed the superiority of the loga-
rithmic model and focussed attention.upon the combination of parameters into groupings significant from a reservoir
engineering standpoint. The most important groupings were the “oil-in-place term”, and the “mobility ratio™.
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B. Primary Recovery from Solution (as Drive Reservoirs

1. In May 1968, Mr. W. Sturn, under the able direction of Mr. 1. G. Trostel, DeGolyer and MacNaughton, rcported
on his correlations for duta from 95 sandstone and limestone reservoirs with solution gas drive as the predominant
drive mechanism. Using a logistic-type model with 13 independent variables, his best correlation coefficient for
recovery efliciency below the bubble point reached 0.756, while-his best correlation for residual gas saturation
showed a maximum of 0.802. o X

2. In February 1964, Messrs, J. K. Latimer, Jr. and W. C:.Sturdivant, Jr. with Sun Oil Company in Dallas,
presented their best correlations on 183 solution gas drive reservoirs, including those with and without other supple-
mental mechanisms. The algebraic model was used for 180 case histories with recovery factor and residual oil
saturation as dependent variables, and 161 cases with récovery cfficiency as the dependent variable. Independent
variables which proved to be significant were: for rock parameters, permeability, porosity, and water saturation; for
fluid parameters, API gravity, mobility ratio, and oil compressibility at the bubble point; and for enviromental para-
meters, net pay thickness, bubble point pressure, reservoir temperature, productive area, and depth.subsea, The
best coefficients of multiple correlation obtained were: for recovery factor 0. 918 for recovery efficiency 0.517, and
for residual oil saturation 0.973.

- 3. Alsoin February 1964, Mr. F. H. Hunter, w1th Jersey Production Resemch, presented an equation for recovery
cﬁimency below the bubble point for 68 sandstone solution gas drive reservoirs without supplemental meehanisms.
Independent variables werc mebility ratie, porosity, interstitial water saturation, depth, ratio of well drainage radius
squared to oil pay thickness, and ratio of solution gas-oil ratio to formation volume factor at the bubble point. Mr.
Hunter reported that his equation provided a caleulated recovery eficiency of within 25 percent for over two-thirds
of the reservoirs and within 10 percent for one-third of the reservoirs, )

4. During 1964, Mr. R. C. LeRoy, with The Atlantic Refining Company, prepared and presented to the Dallas
Task Force a large number of correlations on solution gas drive reservoirs. Dependent variables correlated were:
recovery factor, recovery efficiency, and residual gas saturation. As independent variables he used rock parameters
of permeability, porosity water saturation, and eritical gas saturation. For fluid parameters he used solution gas-oil
ratio and APT gravity of the oil. As significant parameters to describe environment he used reservoir temperature,
bubble’ point pressure, and ratio between bubble point and adbandonment pressures. In his algebraic . equations,
different functions of thesc individual parameters were used, such as their linear, square root, square, and logarithmic
form, The best coeflicients of multiple correlation obtained in this work for various recovery parameters and for’
different groupings of solution gas drive case histories are enumerated below.

Solution Gas Drive Reservoirs Rock Highest Correlation Coeflicient ' for:
) Cotrelated ) Type “par RE Ser

1() without supplemental drive. . 83 - 0.885 . 0719 . 0.860 .
55 with supplemental drive............... ... 88 0.885 0.702 . 0.762 .
125 with and without supplemental drive Ss 0.892 0.709 0.794.
21 with and without supplemental drive 1.8 — 0.865 —
13 with supplemental drive............ .. LS — 0.884 .=
39 with ky/k. data — 0.958 0.894 —

Both the algebralc and the logistic mathematlcnl models were used in the foregoing work.
In an effort to improve correlations further several additional runs were made, using inter-related functlons of the
independent parameters () of the type e(z* 4 C1)B and bin (¢x®+ C2); but the additional comp]cx1ty did not
ylcld any further 1mprovement in the correlation coeflicients.

C. Secondary Recovery by Fluid Injection .

In February 1964, Mr. F. H. Hunter, with Jersey Productlon Research, presented a correlation for recovery
efficiency of secondary recovery by water injection based on data from 17 sandstone reservoirs. Mr. Hunter also
presented a correlation for recovery efficiency of secondary recovery by gas.injection based on data from 15 sand-
stone reservoirs. Because of the limited availability of rclatwc permeablhty data, such data were not mcludecl in his
correlations. . .

Mr. Lincoln Elkins, Sohio Petroleum, Chairman of the Oklahoma City — Tulsa Task TForce, recommended ‘andd
the Subcommittee agreed, that no further effort should be made o correlale fluid mje(,tlon recoverics agamst avmlablc
pdlamctels because of the small number of available cases. -

D..Inter-Correlation of P.V.T. Data

Under the chairmanship of Mr. V.. T. McGhee, with Phillips Pctrolcum Company, the Bartlesvllle—Ponca Clty
Task Force rendered valuable service to the other ~task forces in solution of problems relating to P.V.T. data, In
1963, this group provided the Dallas Task Forec with.a correlation of oil compressibility and oil formation volume
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“factors so that correlations for residual gas saturations at abandominent and recovery factors helow the bubble point

for solution gas drive reservoirs could be developed. In 1967 -the P.V.T, ‘group provided the Houston Task Force
with reservoir water and oil density values for water drive reservoirs so that the density difference between water
and oil could be tested as an independent variable in the regression equations.

E. Inter-Correlation of Rock Parameters

In February 1964, Mr. J. M. Miller, with Standard Oil Company of California, reported that his group had
investigated relative permeability relationships and had attempted covrelations with other rock properties, They
had develepod interesting distributions of ky/k, data by geographical areas and by geological age; and also correlations
between air and water permeabilities. A general correlation equation for residual gas saturation was also attempted
with five independent parameters, including relative permeability and permeability variance. This equation indicated
a corrvelation coeflicient of 0.738.

F Overall Results
" Early corrclation efforts, as summarized here, provided the necessary background for developmem: of final
correlations presented in this report. In particular, these earlier results proved helpful in:
a. Selectmg the best dependent recovery variables for the final equations;
b. Selecting the best mathematical model for the final equations; .
. ¢. Indicating the independent parameters which proved to he persistent and dominant in the computer-derived
regression equations so that their physical significance and relative importance could be stndlcd further from
a reservoir engineering viewpoint; and
4. Determining, by observing coefficients und exponents, which significant parameters could be combined into
physically meaningful groupings so that the final equations could be improved and simplified,

In addition to those recognized previously in this report, the Subcommittee expresses their thanks to all engineer-
ing and computer personnel who have so generously contributed their valuable time and effort to the ultimate goal
of the Subcommitiee,

VI — FINAL CORRELATIONS
A. Results :

The final results of the regressions are shown on I'ables 8 and 9 for water drive and solution gas drive, respectively.
The values of the constants and the coeflicients of the independent variables for each case are listed horizontally for
each regression equation, together with the multiple correlation coefficient () and the standard error of estimates
(Sy) expressed as a percentage. These independent variables were added in succession until the imbrovement in the
multiple correlation coefficient was no longer statistically significant. Whether to accept each improvement as signifi-
cant was decided by the so-called “F-test” (see Appendix),

It was found in both cases that the probability was very small that addition of the first four independent variables
was not statistically significant; in no case more than 3.0 percent and in most cases 0.02 percent-or less. The proba-
bility that the fifth and sixth variables are not statistically significant increased sharply to around 9 and 50 percent,
respectively. At the same time, the addition of these two variables showed only a minor improvement in the standard
error of estimate. The Subcommittee decided, therefore, that an equation comprising only the first four variables —
oil in place, mobility ratio, water saturation, and pressure ratic — be.accepted as statistically significant.

1. Water Drive
Based on figures shown on Table 8, the following logari(:hlnic regression equation for the Recovery Tactor under
a water drive mechanism with the four significunt independent variables is recommended:

+1.0422 ~-0.0770 —0.1903 —0.2159
1 — S ot . : i )
BAF = (4259) - {4’( W { i } . { e Lo {L} - barrels per acre foot (9)
Bo: J Hoi | Da )

, where 4259 — e+8.3569

The multiple correlation coefficient for this equation is 0.958 and the standard error of estimate is 17.6 percent.
Fig. 1 shows observed Recovery Factors plotted against those computed by means of Equation (9). The two dashed
lines on this chart indicate the range of values between the computed amount plus.or minus the standard error of
estimate of 17.6 percent. It should be recognized that this standard error of estimate strietly applies only at the mean
of the distribution.
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By dividing both sides of Equation (9) by 77.58 times the oil-in-place term, the following equatmn giving the

-Recovery Fﬂicnency 1'01 a water drive reservoir is obtained:

. +0.0422 N\ H0.6770 —0.1903) | \-—02159 ' )
RE = (54.898) - {MIB—S‘”)—} . (%) . ( Sw ) . (%) - ‘percent (10}

2. Solution Gas Drive )
Based on figures shown on Table 9, the following logarithmic regression equation for Recovery Factor under a
solution gas drive mechanism below the bubble point with four significant independent variables is recommended:

: 8. | L1611 0. nom 0. °792 +0. 17/1
PAR = (3244) + {MI—’S")—] e (m—) (S’m ) ( " ) bfmelq per ncre f(mf (Ii)

, where 3244 = ¢ +8.0845 » i )

"I'he coeflicient of multiple correlation for this cquation is 0.932 and the standard error of estimate is 22.9 percent.
Fig. 2 shows observed Recovery Factors plotted against those computed by means of Equation (11). The two dashed
lines on this chart indicate the range of values between the computed amount plus or minus the standard error of
estimate of 22.9 percent. It should be recogmzed that this standard ervor of estimate strictly applies only at the mean
of the distribution. ,

By dividir’\g both sides of Equation (11) by 77.58 times the oil-in-place term, the following equation giving the
Recovery Efficiency below the bubble point in solution gas drive reservoirs is obtained:

_ +016‘11 0. 0’)79 AF0.5722 10,1741
RE = (41.815) - {ﬂ.{B_§fﬂ_} (,ub ) ( Sw ) . (—zb—) . percent  (12)

ob

B. Numerical Examples

To illustrate the effect of adding the six terms listed on page 16 in succession, Table 10 was prepared showing, for
three typical cases in the low, average, and high range of values, hoth computed and observed recovery in h'n rels per
acre foot,

Tuble 8

Summdry of Exponents of Terms in Regression Equations
Recovery Factor (BAF) for Water Drive Reservoirs, Sands, and Sandstones — 70 Ccse Histories

1) (2) (3) GO R (5) - (6) (7) @® (9)
* Standard
Mobility Water Pressure Hydraulie Density Coefficient  Krror of
Conslant Oilin Place - Ratio Saturation Ratio Radius Difference ~of Multiple Estimate,
¢ (I —Su) pai . _pi ko Correlation  Percent
Boi toi - Sw Pa ¢ P — po r .
9.0567 -+ 1.3871 = —_ = -— — " 0.8650 © 322
8.7665 + 11414 + 0.1037 — — = — 0.9268 232
8.1585 -+ 0.9807 -+ 0.1140 —0.2280 © — — = 0.9409° 1208
8.3569 -+ 1.0422 -+ 0.0770 —.1903 —0.2159 — — 09575 17.6 .
TBE0T9 411027 +0.0940 02040 —020L4  —00444  — 09504 - 174
8.6421 -+ 1,138« -+ 0.0701 — 01959 —0.1969 — 0.0243 — 0.0901 0.9597 ‘174

The probability of improvement in the correlation due to the addition of the last parameter in the regression equation
being insignificant’is less than 0.02 percent when the variables representing oil in place, mobility ratio, water satu-
ration, and pressure ratio are successively included. Inclusion of the hydraulic radius and density difference had a
9.2 and 48.0 percent chance, respectively, of being insignificant. As the standard error of estimate is not appreciahly
improved by adding these iast two variables the Subcommxttee A(cepted the follm\me: reureﬁsmn equatlon as sig-

nificant:

—l"i "5[‘0 - +1 0422 007?‘0 - —0190? —0.2159
T ) e TR R E R

oi

(113
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Tuble 9

Lo - Summary of Exponents of Terms in Regressnons Equuhons
Recovery Fuclor (BAF) for Solution Gas Drive Reservoirs, Sands, Sandstones, Carbonates and Other —

L , 80 Case Histories
- @ 3). (4) {5) ) ) (8) (%)
o ‘ - Standard
Constant™ Oil in Place Water Mobility  Pressure Solution Hydraulic  Coefficient = Error of
: Oy Saturation  Ratio Ratio  Gas-Oil Ratio  Radius of Multiple Estimate,
- sy (=S _k P, R, k Correlation ~ Percent
. T Bou " Se 4ob Pa ¢ 3 : 5, -
RO360 - 1.2603 — — - — — 08890 '20.8°
RALBE T T 13049 -+ 0.2199 — = — — 0,8968 284
852000 ° - 1.2216 403128 400776 - — - ©0.9090 26.8
8.0845 - - 1.1611 +0.3722 00979 4- 01741 - — 0.9317 22.9
84067~ - 1.0619 -+ 0.3586 - 0.1162 - 0.1723 —0.,0828 = 09345 - 225
8.5697. " 4 1.0694 +0:3800 400881 01728 — 0.0567 — 0.0351 0.9349 225

The pfobability of the improvement in the correlation due to the addition of the last pé[dmeter in the regression

equatlon being insignificant is not more than 3.0 percent when the variables representing oil in place, water saturation,
., mobility' ratio, and pressuré ratio are suceessively included. Inclusion of the solution gas-oil ratio and hydraulie
radius has an 8.6 and 52.0 percent chance, respectively, of being insignificant. As the standard error of estimate is
nol appreciably improved by adding these laust two variables the Subcommittee aceepted the following repression
equation ag, signifieant: .

H085 01 g, TII01 +0.0079 ¢ - Nbosree o \F0.074T
pap— TE08 {,,,(1 S.u)} (#T) . (q) . (__p:._) ;

ub P

' Table 10 ) » ) .
Effect of the Addition of Various Terms in the Regression Equations on Computed Recovery Factors

Barrels per Acre Foot Computed

! WATER DRIVE _ Low.  Average- . High
A constant plus oil-in-place term 301 . 714 © . 1,138
Above terms plus mobility ratio 243 655 1,085

i Above terns plus water saturation ........ ... Lo oL 225 581 ) 1,231

' .Above terms plus pressure_ ratio R 244 5b4 1,326
‘Above-terms.plus hydraulic radius-......... 232 575 1,362
Above terms plus-density “difference ........ 0. .. P Lotiatooos 281 > 585 1,349
“Ihesé figurés must be compareéd to observed values of . 245 - T570 1,250

i SOLUTION GAS DRIVE )

© A constant plus oil-in-place term.......... ... 56 129 o277

. _A\bove terms plus water saturation . 53 . 133 o 244
Abme temﬁ plus moblhty ‘ratio ... 51 131 . .. 279
;~\boxe e:m: _plus pressure ratio 48 . 119 .- 262
‘Above.terms plus gas-oil ratio ....... R e 50 116 27>14
Above terms plus hydraulic radius ............... 51 115- " org-
~~Thcsc ﬁgures must be compared to ohserved values of. 85 » 112 ’ 276

’I'he :esults obtalned fmm the lecommended regxessxon Fquatlons (%) and (11) are underlmed in Table 10

It may he noted Lhat for the w ater (‘hlVP mechamsm the inclusion of more terms 'resu]th ina computed recovery
nearer to the observed value. A\(l(lmg terms in the solution gas drive mechanism appears to be less effective. .
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The following examples show, in detail, how the Recovery Factor may be computed for the forementioned two
average cases by means of the preferred regression equations:

- Water Drive Solution Gas Drive
Constant 4,280 7 8244
Natural 1og of Constant. ... .....ovoeiin it 8.2569 8.0845
POTOSIEY <ot eu it e e e e s e 0.282 0.174
Oil-filled pore spaee.... ... T T TR (1-0.350) L (1-0.340)
Shrinkage factor : 1.100 - 1.409
Qil-in-place factor 0.16664 . 0.08191
Natural log of oil inplace. ......ooviiiiii i, i —1.79194 - —2.50212
Permeability ............... PP 0.249 _ 0.0199
0il viscosity at bubble point .......... ... P P - <. 0500
0il viscosity at initial pressure....... ... . 1.310 —_
Water viscosity at initial pressure ....... e e 0.540 o —
Mobility factor ....... e e N 0,10264 : 0.03980 .
Natural log of mobility factor .......ooooeveviieinonnnn FERTPRTTITI —2.27652 —3.22389
Water SQUEQHOL ... .oeieereennsecsinnner e P . 0350 0340
Natural log of water saturation............ e e 104982 . . .. —1.07881
Initital pressure ........cvevvvnininnnns . e 1986 - —
Buhble point pressure ............... S e . e 3,660
Pressure at abandonment ........... S N 800 i 580
PPESSUTE TAEO v e et sin e e e e e e e e e e 2.48250 6.31034
Natural log of pressure ratio ......... PR 090927 - 1.84219

The regression equation can now be written as follows:

Water Drive Case
In BAF = §.8569 - 1.0482 (—1.70194) - 0.0770 (—2.27652) — 0.1902 (—1.04982) — 0.2159 (0.90927)
In BAF = 6. ?17’52
BAF = 554 computed vs. 570 ohserved.

Solution Gas Drive Case B : -
In BAF = 8.0845 + 1.1611 (—2.05212) -+ 0.0979 (—— .22889) 4 0.8722 (—1.07881) -} 0. 1741 (1 84219)
In BAF = 4.78236
BAF = 119 computed vs. 112 obs-ewcd

- The reader will recognize the figures outside the parentheses as the exponents appearivg in Equations (9) and (11).

C. Discussion of Results

Equations (9) and (11) will yield the estimated values of the Recovery Factor for water drive and solution gas
drive reservoirs, respectively. In the event the bubhle point pressure of a solution gas drive reservoir, p», is less than
its initial pressure, pi, the amount of oil expected during the time the pressures drop from p: to p» must he added
to the values computed from Equation (11). The variables appearing in these equations are arranged approxnm'ﬂ;dy
in order of importance.

Oxl in-Place Term

In the accepted Equation (9) for water drive, the amount to be recovered, in barrels per acre foot, is equal to a
constant, 4529, modified by the influence exerted by the succeeding four independent variables. A recovery proportional
to the amount of oil in place needs no further explanation, The exponent of the oil-in-place factor, +4-1.0422, being
slightly higher than unity, indicates that the recovery factor for water drive increases somewhat faster -than the
amount of oil in place.

In the accepted Equation (11) for solution gas drive reservoirs, the constant term, 3"44 is about 25 percent less
than the constant appearing in the water drive equation. Tt would be interesting to explore the reasons for the
decrease; however, it is felt that an analysis.in depth of both figures should be left until data on a greater number of
sample reservoirs are available, The exponent of the oil-in-place variable, -+1.1611, for the solution gas drive ecase,
i$ somewhat larger than the one for water dmve, which indicates that the reeovely fa.ctor w111 1nc1ease more pro-
gressively with higher oil-in-place content. .

103
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" The first two columns of Tables 11 and 12 list the oil content of the formation and the uncorrected recovery effi-
ciency faetor based thereon. To show the improvement in vecovery efficiency when the oil content of -the reservoir
rock increases, the uncorrected recovery cfciency, RE, is given in percent of oil originally in place. This recovery
efficiency for water drive reservoirs improves from 47.8 percent to 52.2 percent for a 10-fold increase in’ oil-content.
. It increases:from 23.8 percent to 34.4 percent for the same 10-fold increase in oil content ¢f solution .gas drive
reservoirs,

. Also shown on these tables is the cffect of each of the three additional independent variables over the range of
alueg obgerved in the reservoirs studied.

I
- Mobility Term

The mobility term appears in the water drive case.to.the power +0.0770 and in the solution gas drive case to the
power =4-0.0979. Tables 11 and 12 show that a maximum increase in the mobility term will approximately double the
recovery from the solution gas drive case and increase the recovery from the water drive case by about 50 percent.

. The significance of this variable in the recovery process is well-recognized in the literature,! and the results of the
present study confirm and give quantitative meaning to its effect.;

Water Seturation Term

The interstitial water saturation parameter appears in the water drive equation to the power —0.1903 and in the
solution gas drive case to the power 4-0.3722. From a reservoir cngineering standpoint these opposite effects are as
expected. Low water saturation in water drive reservoirs generally means a low surface area of the pores per unit
of pore- space and, therefore, larger pores and a more efficient displacement process by water

" In solution gas drive reservoirs low water saturation means more oil in place initially present in the pores: App.n-
ently the void space created by shrinkage of this larger amount of oil upon préssure reduction cauises gas to flow
without moving much oil, thereby impairing the efficiency of the recovery process. These effects have bheen noted
. previously by several authors, including P. A, Dickey and R. B, Bossler in 19448 and M, Muskat and M. O. Taylor in

1946.7 -

[ According to the Tables 11 and 12, a 10-fold increase in the water saturation will decrease the contribution of
i the water saturation term in water drive reservoirs by about one-third. At the same time, such an increase will move
than double the effect of the water saturation term in solution gas drive reservoirs.

Pressme Ratw Teim -’

" The pressure ratio can be consxdered as an m(lmatxon of the effectlveness with which the avalldble water dn\'
niechanism is being utilized. A value close to one means that the operator is using all of the water drive. According
to Table 11, an increase in the pressure ratio from 1 to 20 decrcases the contnbutnon of this term to the \\ater drive
TOCOVEIY by almost 50 pelcent

In squtwn gas drive reservou's the ctp‘msmn of the gas commg out of ‘solution is the sole cxpulqwe force, a,nd
it is to be expected that a maximum pressure drawdown in the reservoir is required to make full use of the available
energy contained in the dissolved gas. Table 12 shows that an evcntudl drawdown of the reservoir pressure to 1/30th
of the bubble point pressure will increase the contribution of this term to the rvecovery by around 75 percent.

In addition to the foregoing significant independent variables, the following terms were also investigated, but
not included in the final correlations.

(m.s in bolutmn Tunr [nr Su!n[wn Glis Ly wr Reservoirs”

According to the data of Table 9 the amount of gas in sulubwn dl)l)bd?h to have only a small effect on.the. ultlmate
Trecovery from solutlon gas drlve reservoirs. Apparently, the cﬁ'ect of the somewhat larger amount of free gas space
created by a hlgher initial gas-oil ratio is Just about’ offset by the effect of the correspondmgly larger shr inkage
of the oil in pldce, thus nullifying its effect on ultimate 1ecovel), in terms of stock-tank barrels. This confirms earlier
“findings, based on ﬂ]eoleutal considerations by M. Muskat and M. 0. Taylor in 19467 and J. J. Arps in 1955.8
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Table 11
" Effect of Variation in Independent Variables on Recovery Factor from Water Drive Reservoirs

Recovery Efficiency (RE) =

it +-0.0422 +0.077 —0.1903 ' - \—0.21589 .
M'W{MJT,H'SW)W} v (k”‘”‘ ) X ( S ) X ( L ) percent

Hoi Pq
WATER SATURATION
OIL-IN-PLACE TERM MORILITY TERM TERM PRESSURE RATIO TERM
Then the
uncorrected - - R
If recovery  1f mobility Thenthe  If water Then the Then the
OIP efficiency, Lﬂw'eqms. * multiplier  saturation - - multiplier . If multiplier
equals: . REis: g ) iss . equals: is:. Pi/Paequals: st
: - . 0905 - . LT 10 L0
3% - 473% 0.01 0.701 - 0,10 -1.55 O Coe 092
5% 48.4% 0.03 0763 0.15 143 .20 -0.86
10% 49.8% 0.10 0.838 0.20 1.36 3.0 0.79
15% 50.7% 0.30 0.911 0.30 1.26 5.0 071
20% 51.3% 1.00 1.000 .0.40 1.19 10.0 0.61
30% 52.2% 3007 01088 T 040 11 20.0 0.52
Example:
¢ =0.282) k= 02404d ) Sy = 0.350 Pi=19804) p
8. =0350) OIP=167% gm= 0540 cp ) 9=0103 Multiplier=122. . Pu= 800#) t—~948
Boi=110) RE' =509% poi = 1.310 ¢p ) Joi . )
Multxpllﬁe;;; Multiplier = 0.82

Rccavéru Factor (BAF) = 0.509 X 0.889 X 1.22 X 0.82 X 0.167 X 7758 = 554 Barrels per Acre Foot
(vs. 570 obgerved)

Hydraulic Radiug Term in Both Types of Mechunisms

According to the results shown on Tables 8 and 9, the cffect of the “hydraulic radius” term in both equations
appears to be small, probably because both permeability and porosity are a]ready mcluded in other varmbles and
the addition of this term is, therefore, redundant.

I)cnszty-D:ﬁ"crcncc Term in Waim Drive Resc? wns. -

Accordmg to the datu of Table 8, the effect of a density-difference term in the water drive equation appears to
be small: It should also be pomtcd out that the addition of this term had a 48 percent probability of béing insignificant.
The Subcommittee feels that the behavior of this paramecter in this correlation is probably not rcpresentatlve and
may be deservmg of further mvestlgatmn when thls study is contmucd

(fencral Observations

From the distribution pattern of the recovery efficiencies observed for the water drive and ‘solution gas drive
mechanisms on Fig. 5, it was noted in Sec. ITI E that for each of these mechanisms the recovery efficiency under
maximum conditions is about three times higher than the pereentage recoverable under minimum conditions. The
foregoing analysis of the effect of the different variables on the recovery eﬂ‘mcncy was cxtended to find out to what
extent each variable contributes to this threefold range. - .

According to the data on Table 11, a maximum change in the ml m-place \ana.ble in the water drne case may
result in an improvement in recovery ‘efficiency of 1.1 times. 'l‘ln.s improvement expresses essentlally the effect of
better reservoir rock. Such an improvement is usually accompamed by a- SImultaneous improvement’in the other ‘three

L5
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~Table 12

Effect of Variation in independent Variables on Recovery Factor from Solution Gas Drive Reservoirs -
. Recovery Efficiency (RE) =

g y)For61r ¢ +0.0979 - +0.9792 +0.1741 ’
41.82—,-{9(%&)\ Y (— ) ® '(Sw) . ’ X (*I;b*-) percent

ob j Jab
WATER SATURATION ‘
OIL-IN-PLACE TERM MOBILITY TERM TERM PRESSURE RATIO TERM
Then the ’
uncorrected . . . .
Tt recovery 1f mobility Then the 1f water Then the Then the
orp efficiency, _K equals: multiplier  saturation multiplier 1f multiplier
equals: RE',is:  pob o is: . Swequals: . . . is: Py/ P equals: is:
0.001 0.509 0.05 0.328 1.50 1.07
T Bt 23.8% 0.01 T0637 010 0424 2,00 113
5% ) . 25.8%. 0.03 0,709 0.15 . 0,494 3.00 1.21 .
10% 28.9% 0.10 0.798 0.20 0.549 - 500 1.32
CRBe . 30.8% - - 0.80° } 0.889 ~ 0.30 ‘- 0.639. 10.00 1.49
209% 32.3% 1.00 Co1e00 040 0.711 20.00 1.68
30% 34.4% 300 1114, 0.50 . 0773, 30.00 181
Example:
¢ = 0.174) OIP=820% k=002 d )— " =0.040 S, =0.340 P = 3660#-) P,
, . - L Pu— 5804 ) =6.31
Suw=0340)  RE =219% uu=050 cp ) Multi- Muiti- Mol Pa
Bop =140 ) - - plier.= 0.729 plier = 0.669 plier = 1:38

Recovery Factor (DAF) = 0.275 X 0.729 % 0.860 X 1.98 X 0.082 X 7758 = 119 Barrels per Acre Foot” ™
(vs. 112 obgerved)

variables, viz., increased mobility, lower water saturation, and a pressure drawdown ratio closer to one. According
to the data on Table 11, each of these three additional factors under optimum conditions may be responsible for an

. improvement of around 1.5 times as compared to minimum conditions. The combined effect of these four factors, which
are all in the same direetion when the reservoir rock and its fluids apprmch 1dea1 condmom, \wuld cause a maximum
improvement of better than four times over the poorest conditions.

In the solution gas drive case a maximum variation of the oil-in-place variable may result in an improvement
in recovery efficiency of 1.5 times. This improvement expresses essentially the beneficial effect of better reservoir
rock, When the permeability and, therefore, the mobility increages, the ‘water saturation usually decreases. According
to Table 12, the results of such changes in the mobility factor and the water saturation factor are in opposite
directions and approximately cancel each other. Table 12 also shows that a maximum pressure drawdown may cause
an improvement in recovery efficiency of around 75 percent. The combined effect of the oil-in-place factor and this
pressure ratio factor, together with the cancellation of the mobility and water saturation factors, would cause o
total improvement of slightly less than three txme% over the minimum conditions.
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VII — NOMENCLATURE

Petroleum Engineering Symbols

a
BAF
Bo

Dia
He
ha
k

Stubscripts

Probahility and Statistical Symbols’ .
N
SN

a, be, ...

a,8,7 .

»Ma

= angle of formation dip; degrees
= recovery factor; ultmate recovery in barrels of stock-tank oil per acre foot of net pay

= oil formation volume factor; a dimensionless factor representing the volume of oil under reservoir
conditions per unit volume of stock-tank oil

= depth below the surface; feet

= gravity. of stock~tank oil; degrees-API

= net pay thickness; feet

== arithmetic average of absolute permeability; darcys

== viscosity of reservoir oil; cen"tip;)ises

= viscd’sity of Teseivoir water; centipoises

= pressure; psig

= recovery efficiency; recoverable oil as a percentage of stock-tank oil initially in place in the
TESEervoir

= recovery efficiency vet to be corrected for the effect of mobility, water saturation, and pressure
ratio terms '

= gas solubility factor; the number of standard cubic feet of gas liberated under specific separator
conditions which, under reservoir conditions, are in solution in one stock-tank harrel of oil

= density of reservoir oil; grams per cubic centimeter

= dénsity of reservoir water; grams per cubic centimeter

= residual gas saturation under reservoir conditions; a fraction of the total pore space

= residual oi} saturation under reservoir conditions; a fraction of the total pore space

=.interstitial water content; a fraction of the total pore space

= reservoir temperature; degrees Fahfenheit ‘

= effective porosity; a fraction of rock bultk volume

- == initial conditions

= abandonment conditions

= hubble peint conditions

= differential separation

= flash separation

=oil ' - '

= water

= gas R o
= residual at abandonment conditions

= number of elements in a-sample from a population -
- = elements or-sets of -data -~ '
= indépendent variable

’ _{lepen(}e’ni; variable "

= y value computed by regression analysis.
= mean of y values

= mean of 2 values
= eoefficients in regression equation
= expohents in regression equation

118
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', Ce, = constants in logistic equation
57 == variance of y with respect to y before regression
8t = variance of % with respeet to # before regression
Syr = covariance of y and z
3y = standard deviation of ¥ = square root of variauce s,
.. - ” Chasa r sesmsme CE R
S = standard deviation of 2 = square root of variance 5,* v Vi pwEe r,c.*s
i C ORI
n = number of degrees of freedom = N-1, N-g, ete. - o . Ji l“tt RN
. — N A B R

w = Weight factor; w, mean of w values e ST bl
S2 = variance remaining after regression ‘W

’ maining after reg R 6w € L
P = number of independent variabies - i3
by = summation symbol .. 00T L TALULIAD f.fé

= coefficient of multiple correlation N NETIA ‘i

B = “F" test probability function (Ref. 9, page 240) ;&mi_‘h_ﬂ_‘m
2 = “student” £ probability function {Ref. 9, page 225)
Sy = standard crror of estimate iny
Pl = standard deviation of a normal distribution
n = natural logarithm to the base ¢
¢ = base of natural logarithm
Subscripts
i = any number
a = significant
o = first regression
1 = second regression
o = significance level
obg — observed

comp = computed
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{ REGRESSION ANALYSIS AND TESTS OF SIGNIFICANCE

Consider a population of N elements mi, mz, . . . my, {which may be N cores, oilfields, etc.) and let y; and 2 be
properties measured on element »i. The purpose of regression analysis is to establish if there is a significant relation
between  and %, This relation is expressed by the regression cquation, More specific, a linear velation of y to = is

e N A H
expressed by ¥ = & 4 bo. This means that for every ohserved value z; a calculated value y; is determined by the
equation:

pi=a+bu . . . (13)

Before carrying out the process of determining « and b the following statistical properties are defined:

XY

Meanofy: y= N

Meanof ;. x= TR

: - 3 (i—1)*

Variance of y with respect toy: &° = "“—NL;—i-—
: , — . Sm -—f_v)z
Variance of x with respecttoz: 85 = N1

Xy —y)(xi—m,
Covariance of y and ;. sp = L}\,i’_)_—(I#

The standard deviations s, and’ s, are the square roots of the variances g7 and s.2

The factor NLI appearing above signifies the number of independent observations (or degrees of freedom n)
which is one less than the number of clements N, because one independent observation was lost in determining v and z. .
If the measurements on all elements do not have the same validity (or accuracy) then this may be remedied by
applying weight faetors w; which gives:

~  Swa ,_ Swilyi—y)?
¥="Sw Y =""Zw—w

, ete,

However, the number of independent observations remains N.
Tn Equation (13) the constants « and b are determined by loast squarc analysis, which is so well known that it is

omitted here:
8yz : .
e z ‘ .
NN (14)

w=y—bhx 5

At this point it ma)l" be ‘desirable to note that the corrclation between y and x may be either an “apriori” or a
“nonapriori” correlation. If the correlation is “apriori”, then the physical relation between y and z-and the mathe-
matical equation expressing this relation is largely known. The purpose of the regression analysis is here-only to
determine the constants in the equation which give the best fit. If, however, the correlation is “nonapriori”, then the
physical relation is as vef unknown; and, therefore, the purpose of the regression is to find the best form of both
the equation and the size of the constants in it, which gives the best statistical fit. The physical relation not being
known, there is a danger of constructing by regression analysis a curve which waves through all observed points
' causing overfitting.? Overfitting can largely be avoided first, by using the simplest equation possible; if the'num-
‘ ber of observations is smalil; and second, by using any apriori information available to select the equation which best
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agrees with this information. For instance, if it is known that y increases with increasing 2, then the equation express:
ing this relation must be unidirectional. An equation y = « - bz 4- ¢x® 4~ . . . where some of the constants arc of
opposite sign would not meet this requirement. -

Coming back to the regression in Equation (13), the observed values » are distributed around the value ﬁi. Only

if this distribution is independent of x;, 1.e., the position of g'}i on the regression line, will the values of ¢ and & com-
puted (14) give the best estimate of the linear regression. This is clarified in the following example. Let E be the

recovery efficiency of a field and%rthe mobility ratio of its oil. In Fig. 8a the result is shown of a regression of

A
y=RE ong :k— by 4i = u - bai. The observed values g; are plotted vs. the computed values g It shows that the
1
spread of ¢; around yA; increases from left to right. Now instead the logarithms of RE and iare regressed by taking
)3

y =log RE and z = log L IFig. 8b shows that the spread of #; around y'.-\ in this ease is independent of the position

@ .
on the regression line. Therefore, this last regression is preferred over the first,

The average of the fluctuations of the observed y values around the calculated » values can be expressed by the
remuaining vartence:

A -
s 2 (i—p)? 5
Sf="N—g - - - (15)
where N — 2 are the remaining degrees of frecdom, because two independent observations are lost in determining
a and b, More general, if a multiple regression is carried out with p independent variables (p = 1 for single regres.
sion) then .(15) becomes:
A
J . )2
8.2 = 3 (i —yi) r
W ———(N—p——l) .. (15%)
To investigate how significant the regression is, the variance remaining after regression, 8§42, must be compared with
either the variance before regression.g,? or with the part removed by regression g,> — 8,2 This is achieved as follows:
— - X
Because a = ¢ — b the regression equation ¥ = a -+ b may also be written as:

. A —_ -
yi—¥i=yi—y—bmi—a) ,
< which gives

S l— ) =S (h— )2 B ()2 2b Y (o — ) (i — )
or
(N—2)8,2=(N—1) [s7 + 0782 — 2bsy,]

y; (obs) y; (obs)

’)“i (comp) 9i {cornp)

= |n RE x-lnL
y ) m

() | (b)

Fig. 8 — Correlation of Observed and Computed Dependent Variables

Til-x
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For large enough values of N only a negligible error is made by writing instead:
8542 = 5% - b25,% — 2bsyr

. Syr
Or, ] r = G
, using b o2

. L
SRy S L
37 = 5f — Py
Introducing the cocfficient of correlation
3
r = =
SySz
gives:
S _5,, -— 187
. remaining / or |gmdl \ purt removed 16)
\‘:1rinncc\ nruncc /h\ rogression
degrees of freedom: (N—_2)= (N

The coefficient of correlation r ranges from zero (no correlation) to plus or minus one (perfect correlation).

To investigate the meaning of an + between zero and plus or minus one, the variance removed by regression %52
{with one degree of freedom) is compared with the part remaining atfter vegression 8,2 = 5,2 (1 — %) (with N—2
degrees of freedom). For that purpose the F' test can be used, where F is defined as:

varianee removed/degrees of freedom
varignce rematning /degrees of freedom

48 /1 72 |
'”_(1—‘)“)sy2/(n)—"1—r”' - {17

(n = N — 2 = number of degrees of freedom)

Fy

The subscript 7, n of F signifies the number of degrees of freedom in the numerator and denominator and is used
for reading F’ values from tables.

The F function has a known probability function which can be read from tables.® However, it is usually more
convenient to use the “student” ¢ function whose absolute value is related to I by:
or

—— nre
[ta| =VFin = \/1**__—1—_5 , (18)

where n is the number of degrees of freedom of the remaining variance. Note that for multiple regression with p > 1
independent variables, the F' function hecomes

= Lo R R i
Fin ==y e (1= " " a®

where n = N —p —1, the degrees of freedom of the remaining variance. In this case F' cannot be replaced by a
t-function.

The reasoning by which the significance of r is determined goes as follows: + was determined on a sample of limited
size N. To draw conclusions from this sample valid for a much larger population from which N was taken, we should
consider that another sample taken from the large population might have given a somewhat different value of »
Now suppose that in the large population ¥ and « are unrelated. The expected value of » in N would then be zero,
but there is still a chance that it fluctuates around zero. The corresponding fluctuations of the corresponding t
around zero are described by the “student” t function, which can be found in tables and which is sketched in Fig. 9.

Fig. 9 shows that even if y and = are not related there is still 1/2 a% chance that ¢ as calculated from the regres-
sion analysis is larger than £,, and 1/2 a% chance that it is smaller than — t,. Therefore, there is 2% chance that
[ 2] > | 4| even if no correlation exists. Suppose we take a = 5% and let » be 60. Then from tables® it is read that
| tne | = 2.0. I from regression analysis a value of 7 is found corresponding to a value of |¢| =2, and we accept this

Ttk
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r as a significant corvelation coefficient, then there is
less than 5% chance that we are wrong in our decision.
Actually the value of o corresponding to | t|= 3 is less
than 1%. Therefore, we will accept the correlation be- .
tween y and # to be significant with the chance heing 1 ah
less than 1% that owr decision was wrong, If, as is
conventional in certain industries, the significant level
o is taken as 5%, with a corresponding value of [ tels

i

then we will only accept those + values as being signifi- ~ g ttq
cant, for which the corresponding |t| value is larger . ” " . as .
than | t,|. The minimum value of » which is significant Fig. 9 — “student” t Distribution

is 7, which is related to | ¢, | as found from (18):

/_t“z_m 20
ry = — - . .

N

with £, = ¢, 50, vead from tables and n == N — 2 for single regression (p =1).

For multiple regression with p independent variables the F funetion must he used, giving

— Fy
Tl*J?z{-F,, T 1)

with Fq = Fp, w(5%)

andn=N—p-—1

b Fig. 10 valucs of +, are shown for p =1 and p = 2 hased on (20) and (31).

For example, on a sample N = 60, the » of the equation y=ua-+ bz (p=1{) is only significant if it is larger than
0.25 and for the equation ¥ = @ 4 bx - ¢z, » must be larger than 0.32, For N = 10 these values become 0.65 and 0.75
respectively, Next consider a regression analysis giving

y=adbxtexd ... (p independent variables)

[.et the remaining variance be §,02 and the coefficient of eorrelation rs Now add another independent variable to it:
y=a-tbx-fex+ten-k... (p-+.1independent variables)

Let the remaining varianee be 8,2 and the coeflicient of eorrelation »1, which ig larger than va.

To investigate if the second correlation is significantly better than the first, compare §;,2 with §,,?:

/Syl: = Syo® — (Sus® — Syr?)
variance aftey variance after varianece removed between

second regression first regression /ﬁrst and second regression
i
degrees of freedom: (N —p—2) = (N —- 1) — (1)
Again the I' {est is nsed, defined as

i variance removed/degrecs of [reedom
Ty = L |

variance remaining fdegrees of [reedom

or )
Iz ) 51/0" — Syl‘)
o () ST
in=(n S
But . . X
Spe’ = 8, (4 — 1)
Sy =82 (1 —r®
which gives
# 717 — r?
=N
o J—n?

with # = N — p — 2 = degrees of freedom after second regression.
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Fig. 10 — Significant Coefficient of Correlation
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Again as before
7% = 1o
Al —_ P
Fin=tf =n— T (22)

The minimum value of £, needed to be a significant improvement is {,. The minimum value » which is significantly

higher than 4y is found from (22):
nre - £,2
¥ == \} ¢ d

n+t,2

and a significant increase over 1 is

_ et tE "
Ar.:r.—roﬁ\jw — e (23)

Equation (23) is graphically represented in Fig. 11 for a = 5%. As an example of the use of Fig. 11 consider a
sample of N = 80. First a single regression analysis is made (p = 1) giving ro = 0.56. Then a variable is added
(p = 2) giving r1 = 0.82. Is this a significant improvement?

Solution: 7= N —p-— 2 = 76, The minimum increase in 7o to be significant as read from Fig. 11 is ahout 0.01,
Therefore this is a significant improvement. The problem can also be considered in a reverse manner:
=082, re=0.80 Nn=76
From Equation (22) it follows that

. ¥ —re?
“—J"T:z?=ﬂ”

The corresponding value of o is found to be less than 1 percent, therefore, there is less than 1 percent chance that
the increase in = from 0.80 to 0.82 is insignificant.
4 ™
" " UNAM :
; - FECHA DE DEVOLUCION
El lector se obliga a dewolver este libro antes
del vencimiento de préstamo sefialado por el
aitimo sello.
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